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This paper presents domain form of the interaction integrals based on three independent
formulations for computation of the stress intensity factors and electric displacement
intensity factor for cracks in functionally graded piezoelectric materials. Conservation inte-
grals of J-type are derived based on the governing equations for piezoelectric media and the
crack tip asymptotic ﬁelds of homogeneous piezoelectric medium as auxiliary ﬁelds. Each
of the formulation differs in the way auxiliary ﬁelds are imposed in the evaluation of inter-
action integral and each of them results in a consistent form of the interaction integral in
the sense that extra terms naturally appears in their derivation to compensate for the dif-
ference in the chosen crack tip asymptotic ﬁelds of homogeneous and functionally graded
piezoelectric medium. The additional terms play an important role of ensuring domain
independence of the presented interaction integrals. Comparison of the numerically eval-
uated intensity factors through the three consistent formulations with those obtained
using displacement extrapolation method is presented by means of two examples.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials are widely used in many ﬁelds such as aerospace, automotive, medical and electronic technolo-
gies. While designing piezoelectric structures/components, it is important to take into account imperfections, such as cracks,
that are often pre-existing or are generated by external loads during the service life. In recent years, emergence of the func-
tionally graded materials (FGMs) has demonstrated that they have the potential to reduce the stress concentration and to
increase the fracture toughness. Consequently, a new kind of material, such as a functionally graded piezoelectric material
(FGPM), has been developed to improve the reliability of piezoelectric materials and structures by extending the concept of
the well-known functionally graded material (FGM) to a piezoelectric material (Wu et al., 1996). For example, a device
wholly made up of the FGPMs or using the FGPMs as a transit layer instead of the bonding agent avoids existence of discern-
ible internal seams or boundaries. In addition, no internal stress peaks are caused when the voltage is applied and the failure
due to development of internal de-bonding or stress peaks in conventional bimorphs can be avoided (Wu et al., 1996; Zhu
et al., 2000). However, the microstructure of FGPM is generally heterogeneous, and the dominant type of failure in the FGPM
is crack initiation and growth from inclusions. The extent to which constituent material properties and microstructure can
be tailored to guard against potential fracture and failure patterns is relatively unknown. Such issues have motivated much
of the current research into the numerical computation of crack driving forces in the FGPM, and several analytical studies
concerned with the static fracture problems of the FGPMs were reported (Wang and Noda, 2001; Li and Weng, 2002; Wang
and Zhang, 2004; Ma et al., 2005; Ueda, 2006, 2007, 2008). Thus, most of the studies on the FGPMs till today are analytical in. All rights reserved.
fax: +91 44 2257 5286.
5238 B.N. Rao, M. Kuna / International Journal of Solids and Structures 45 (2008) 5237–5257nature. As a result, there is considerable interest in developing numerical methods for the evaluation of crack driving force in
the FGPMs. Recently, Sladek et al. (2007) developed a contour integral for computation of the stress intensity factors (SIFs)
and electric displacement intensity factor (EDIF) for cracks in continuously non-homogeneous piezoelectric body subjected
to transient dynamic load. To extract the mixed mode SIFs in FGMs the interaction integrals based on constant constitutive
tensor formulations (Rao and Rahman, 2003a; Rao and Rahman, 2003b), incompatibility (Dolbow and Gosz, 2002; Rao and
Rahman, 2003a; Rao and Rahman, 2003b) and non-equilibrium (Kim and Paulino, 2003; Paulino and Kim, 2004) have been
developed.
In this paper domain form of the interaction integrals based on three independent formulations are presented for com-
putation of the SIFs and EDIF for cracks in the FGPMs. To determine fracture parameters, e.g., the SIFs and EDIF, by means of
the interaction integral method, the near crack tip electromechanical ﬁelds which are selected as auxiliary ﬁelds are needed.
In fracture of the FGPMs, the use of the auxiliary ﬁelds developed for homogeneous piezoelectric materials results in viola-
tion of one of the three basic relations namely, equilibrium, compatibility, and constitutive, which leads to three indepen-
dent formulations: non-equilibrium, incompatibility, and constant constitutive tensor formulations. Each formulation
leads to a different ﬁnal form of the resulting interaction integral, and for consistency, extra terms naturally appears in their
derivation to compensate for the difference in the chosen crack tip asymptotic ﬁelds of homogeneous and functionally
graded piezoelectric medium.
This paper is organized as follows. Section 2 brieﬂy reviews basic equations for piezoelectric media. Section 3 pre-
sents crack tip ﬁelds in the FGPMs. Section 4 provides three consistent formulations using the interaction integral ap-
proach, proof of existence of the proposed integrals and the evaluation of intensity factors. Section 5 brieﬂy describes
displacement extrapolation method and illustrates the three formulations through two numerical examples. Finally, Sec-
tion 6 concludes this work.2. Basic equations for piezoelectric media
The elements of elasticity and electrostatics are combined in piezoelectric media. The governing equations and the
boundary conditions which form the foundation of piezoelectric media are given below.
2.1. Field equations
In a ﬁxed rectangular coordinate system xj (j = 1–3), the ﬁeld equations for a linear piezoelectric medium subjected to
electromechanical loads in the absence of body forces and charges are
 Constitutive equations:
rij ¼ Cijkseks  esijEs; ð1Þ
Di ¼ eikseks þ jisEs; ð2Þ Kinematic equations:
1eij ¼ 2 ðui;j þ uj;iÞ; Ei ¼ /;i; ð3Þr ¼ 0;D ¼ 0: ð4Þ
 Equilibrium equations:ij;j i;iIn Eqs. (3) and (4), a comma denotes partial differentiation, and the repeated indices summation; ui is the component of the
elastic displacement vector u; / is the electric potential; rij, eij, Di, and Ei are the components of the stress, strain, electric
displacement, and electric ﬁeld, respectively; Cijks, and eiks are the elastic and piezoelectric constants, respectively; jis are
the dielectric permitivities. Using the relation between the indices 11? 1, 22? 2, 33? 3, 23? 4, 31? 5 and 12? 6,
the constitutive Eqs. (1) and (2) may be written in Voigt notation as: ra = Cabeb  esaEs and Di = eibeb + jis Es respectively,
where a, b = 1, . . ., 6, and i, s = 1–3.2.2. Boundary conditions
Consider a piezoelectric medium occupying the space X. The surface of X is denoted as S andS ¼ Sr þ Su ¼ SD þ S/: ð5Þ
On the boundaries Sr, and SD, the resultants of stresses and electric displacements are respectively:rijnj ¼ p0j ; on Sr; ð6Þ
Djnj ¼ x0; on SD; ð7Þ
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0 are some prescribed values on Sr, and SD, respectively. n is the unit normal vector of S (n directed towards
outside). On the boundaries Su, and S/ the displacement vector u, and the electric potential /, are respectively:uj ¼ u0j ; on Su; ð8Þ
/ ¼ /0; on S/; ð9Þwhere u0j , and /
0 are some prescribed values on Su and S/, respectively.
3. Crack tip ﬁelds in functionally graded piezoelectric media
Consider a two-dimensional functionally graded piezoelectric structure with a rectilinear impermeable crack of length 2a,
subjected to external loads p01; p
0
2; . . . ; p
0
M , and electrical displacement x
0 as shown in Fig. 1. It is assumed that the material
properties, such as C11, C22, C12, C13, C44, e21, e22, e16, j11, and j22 (in Voigt notation), vary according toðC11;C22;C12;C13;C44; e21; e22; e16;j11;j22ÞðxÞ ¼ ðC110;C220;C120;C130;C440; e210; e220; e160;j110;j220Þf ðx1; x2Þ; ð10Þ
where x ¼ fx1; x2gT 2 R2, (C11, C22,C12, C13, C44, e21, e22, e16, j11,j22) (x) are continuous, and at least piecewise differentiable
functions on domain X, and the (x1, x2)-coordinate system is deﬁned in Fig. 1. In reality, FGMPs are multiphase materials
generally with locally discontinuous material properties. Hence, (C11, C22, C12, C13, C44, e21, e22, e16, j11, j22) (x) in Eq. (10)
should be viewed as smoothly varying ‘‘effective” material properties of FGMPs.
Eischen (1987) and Jin and Noda (1994) showed that for piecewise differentiable material property variations, the elastic
stress and displacement ﬁelds in FGM can be derived using the stress function in variable separable form, identical to the
homogeneous case. Similarly Sladek et al. (2007) showed that in case of the FGPMs the leading singularity is same as that
for a homogenous piezoelectric body with material constants given by the crack tip values of the corresponding material
parameters in the considered non-homogenous piezoelectric medium. For cracks in homogenous piezoelectric media the
asymptotic behavior of the ﬁeld quantities has been given by Sosa (1991) and Pak (1992). If polar coordinates (r, h) with
the origin at the crack tip are used, the electromechanical stress and electrical displacement ﬁelds can be written asrijðr; hÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
X
N
KNf Nij ðhÞ; ð11Þ
Diðr; hÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
X
N
KNgNi ðhÞ; ð12Þand, the near tip displacement ﬁeld and electric potential can be obtained asuiðr; hÞ ¼
ﬃﬃﬃﬃﬃ
2r
p
r X
N
KNd
N
i ðhÞ; ð13Þ
/ðr; hÞ ¼
ﬃﬃﬃﬃﬃ
2r
p
r X
N
KNvNðhÞ; ð14Þα
2a
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Fig. 1. A crack in functionally graded piezoelectric material.
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roman letters. KI, KII and KIII denote the well known mode-I, mode-II, mode-III, mechanical SIFs and KIV denote the EDIF
characterizing the concentration of the electrical displacement ﬁelds. For two-dimensional functionally graded piezoelec-
tric structure as shown in Fig. 1, KIII = 0. The angular functions f Nij ðhÞ, gNi ðhÞ, dNi ðhÞ, and vN(h), are the standard angular
functions for a crack in a homogeneous piezoelectric elastic medium, which depend only on the material properties,
and can be found by means of the extended Stroh formalism and semi-analytical calculations. They can be expressed
in terms of complex material eigenvalues pa, eigenvectors AMa, and matrices MMa and NaN (Park and Sun, 1995; Ricoeur
and Kuna, 2003; Kuna, 2006) asf Ni1 ¼ 
X4
a¼1
Re
MiaNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p( ); f Ni2 ¼X4
a¼1
Re
MiaNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p( );
gN1 ¼ 
X4
a¼1
Re
M4aNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p( ); gN2 ¼X4
a¼1
Re
M4aNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p( ); ð15Þ
dNi ¼
X4
a¼1
Re AiaNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q 
; vN ¼
X4
a¼1
Re A4aNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q 
; ð16Þwhere Re{. . .} and Im{. . .} denote the real part and the imaginary part respectively of the quantity in brackets. The four con-
jugate pairs of eigenvalues pa, the (4  4) matrix of eigenvectors AMa which depends only on material properties, not on the
boundary value problem itself can be obtained by solving the following quadratic, eigenvalue problem:Ci1k1 ei11
e1k1 j11
 
þ Ci2k1 þ Ci1k2 ei21 þ ei12
e2k1 þ e1k2 j12  j21
 
pþ Ci2k2 ei22
e2k2 j22
 
p2
 
Ai
A4
 
¼ 0: ð17ÞOnly the four eigenvalues pa, having positive imaginary part and the corresponding eigenvectors are used in Eqs. (15) and
(16). The (4  4) matrices MMa and NaN are calculated byN1aN ¼ MMa ¼
ðCi2k1 þ Ci2k2paÞAka ðe1i2 þ e2i2paÞA4a
ðe2k1 þ e2k2paÞAka ðj21  j22paÞA4a
 
: ð18ÞEven though the material gradient does not inﬂuence the square-root singularity or the singular stress and electrical dis-
placement distribution, the material gradient does affect the SIFs and EDIF. Hence, the fracture parameters are functions of
the material gradients, external loading, and geometry.
4. Interaction integral formulations
The interaction integral method is an effective tool for calculating the SIFs and EDIF in homogeneous piezoelectric mate-
rials (Enderlein et al., 2005; Kuna, 2006). In this section the interaction integral method for homogeneous piezoelectric mate-
rials is ﬁrst brieﬂy summarized, then extended for cracks in the FGPM. In fact, the study of the FGPM would enhance the
understanding of a fracture in a generic piezoelectric material, since upon shrinking, the gradient layer in the FGPM is ex-
pected to behave like a sharp interface, and upon expansion, the fracture behavior would be analogous to that of a homo-
geneous piezoelectric material.
4.1. Homogeneous piezoelectric materials
The path independent electromechanical J-integral for a homogeneous piezoelectric cracked body is given by (Cherepa-
nov, 1977; Pak and Herrmann, 1986; Pak, 1990)J ¼
Z
C
Hd1j  rij ouiox1  Dj
o/
ox1
 
nj dC; ð19Þwhere H =
R
rijdeij 
R
DidEi is the electric enthalpy density, nj is the jth component of the outward unit vector normal to an
arbitrary contour C enclosing the crack tip and dij is the Kronecker delta. For linear piezoelectric material models it can be
shown that H = (rijeij  Di Ei)/2 = Cijkleijekl/2  eiklekl Ei  jim EiEm/2. Applying the divergence theorem, the contour integral in
Eq. (19) can be converted into an equivalent domain form, given byJ ¼
Z
A
rij
oui
ox1
þ Dj o/ox1  Hd1j
 
oq
oxj
dAþ
Z
A
o
oxj
rij
oui
ox1
þ Dj o/ox1  Hd1j
 
q dA; ð20Þwhere A is the area inside the contour C and q is a smooth weight function chosen such that it has a value of unity at the
crack tip, zero along the boundary of the domain C, and smoothly interpolated in between (Anderson, 2005). By expanding
the second integrand, Eq. (20) reduces to
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Z
A
rij
oui
ox1
þ Dj o/ox1  Hd1j
 
oq
oxj
dAþ
Z
A
orij
oxj
oui
ox1
þ rij o
2ui
oxjox1
þ oDjoxj
o/
ox1
þ Dj o2/oxjox1
Cijkleij oeklox1  12 eij
oCijkl
ox1
ekl þ ekl oeiklox1 Ei þ
oekl
ox1
eiklEi
þekleikl oEiox1 þ Eijim
oEm
ox1
þ 12 Ei ojimox1 Em
0BBB@
1CCCAq dA: ð21ÞUsing equilibrium ðorij=oxj ¼ 0; oDi=oxi ¼ 0Þ and compatibility (eij ¼ ðoui=oxj þ ouj=oxiÞ=2; Ei ¼ o/=oxiÞ conditions and not-
ing that oCijkl/ox1 = 0, oeikl/ox1 = 0, ojim/ox1 = 0 in homogenous piezoelectric materials, the second integrand of Eq. (21) van-
ishes, yieldingJ ¼
Z
A
rij
oui
ox1
þ Dj o/ox1  Hd1j
 
oq
oxj
dA; ð22Þwhich is the domain form of the electromechanical J-integral in homogenous piezoelectric materials.
Next, we consider two independent equilibrium states of the cracked body. Let state 1 correspond to the actual state for
the given boundary conditions, and let state 2 correspond to an auxiliary state, which can be near tip electromechanical ﬁelds
of any of the fracture opening modes I, II, III, and IV. Superposition of these two states leads to another equilibrium state
(state S) for which the domain form of the J-integral isJðSÞ ¼
Z
A
ðrð1Þij þ rð2Þij Þ
oðuð1Þi þ uð2Þi Þ
ox1
þ ðDð1Þj þ Dð2Þj Þ
oð/ð1Þ þ /ð2ÞÞ
ox1
 HðSÞd1j
 !
oq
oxj
dA; ð23Þwhere superscript i = 1, 2, and S indicate ﬁelds and quantities associated with state i andHðSÞ ¼ ððrð1Þij þ rð2Þij Þðeð1Þij þ eð2Þij Þ  ðDð1Þj þ Dð2Þj ÞðEð1Þj þ Eð2Þj ÞÞ=2: ð24Þ
By expanding Eq. (23)JðSÞ ¼ Jð1Þ þ Jð2Þ þMð1;2Þ; ð25Þ
whereJð1Þ ¼
Z
A
rð1Þij
ouð1Þi
ox1
þ Dð1Þj
o/ð1Þ
ox1
 Hð1Þd1j
 !
oq
oxj
dA; ð26ÞandJð2Þ ¼
Z
A
rð2Þij
ouð2Þi
ox1
þ Dð2Þj
o/ð2Þ
ox1
 Hð2Þd1j
 !
oq
oxj
dA; ð27Þare the electromechanical J-integrals for states 1 and 2, respectively, andMð1;2Þ ¼
Z
A
rð1Þij
ouð2Þi
ox1
þ Dð1Þj
o/ð2Þ
ox1
þ rð2Þij
ouð1Þi
ox1
þ Dð2Þj
o/ð1Þ
ox1
 Hð1;2Þd1j
 !
oq
oxj
dA; ð28Þis an interaction integral. In Eqs. (26)–(28), Hð1Þ ¼ ðrð1Þij eð1Þij  Dð1Þj Eð1Þj Þ=2, Hð2Þ ¼ ðrð2Þij eð2Þij  Dð2Þj Eð2Þj Þ=2, and
Hð1;2Þ ¼ ðrð1Þij eð2Þij þ rð2Þij eð1Þij  Dð1Þj Eð2Þj  Dð2Þj Eð1Þj Þ=2 represent various electric enthalpy densities, which satisfyHðSÞ ¼ Hð1Þ þ Hð2Þ þ Hð1;2Þ: ð29Þ
For linear piezoelectric solids under mixed-mode loading conditions, the electromechanical J-integral is also equal to the en-
ergy release rate and hence, the electromechanical J-integral can be written as (Kuna, 2006)J ¼ 1
2
KTYK ; ð30Þwhere K ¼ fK II K I K III K IV gT is the vector of the four ﬁeld intensity factors, and Y is the (4  4) generalized Irwin matrix,
which depends on the elastic, piezoelectric, and dielectric material constants is given byYMN ¼ ImfAMaNaNg: ð31Þ
For two-dimensional case, Equation (30) reduces to,J ¼ 1
2
K2IIY11 þ
1
2
K2I Y22 þ
1
2
K2IVY44 þ K IK IIY12 þ K IIK IVY14 þ K IK IVY24: ð32ÞApplying Eq. (32) to states 1, 2, and the superimposed state S givesJð1Þ ¼ 1
2
Kð1Þ2II Y11 þ
1
2
Kð1Þ2I Y22 þ
1
2
Kð1Þ2IV Y44 þ Kð1ÞI Kð1ÞII Y12 þ Kð1ÞII Kð1ÞIV Y14 þ Kð1ÞI Kð1ÞIV Y24; ð33Þ
Jð2Þ ¼ 1
2
Kð2Þ2II Y11 þ
1
2
Kð2Þ2I Y22 þ
1
2
Kð2Þ2IV Y44 þ Kð2ÞI Kð2ÞII Y12 þ Kð2ÞII Kð2ÞIV Y14 þ Kð2ÞI Kð2ÞIV Y24; ð34Þ
5242 B.N. Rao, M. Kuna / International Journal of Solids and Structures 45 (2008) 5237–5257andJðSÞ ¼ Jð1Þ þ Jð2Þ þ Kð1ÞII Kð2ÞII Y11 þ Kð1ÞI Kð2ÞI Y22 þ Kð1ÞIV Kð2ÞIV Y44 þ ðKð1ÞI Kð2ÞII þ Kð1ÞII Kð2ÞI ÞY12 þ ðKð1ÞII Kð2ÞIV þ Kð1ÞIV Kð2ÞII ÞY14
þ ðKð1ÞI Kð2ÞIV þ Kð1ÞIV Kð2ÞI ÞY24: ð35ÞComparing Eqs. (25) and (35)Mð1;2Þ ¼ Kð1ÞII Kð2ÞII Y11 þ Kð1ÞI Kð2ÞI Y22 þ Kð1ÞIV Kð2ÞIV Y44 þ ðKð1ÞI Kð2ÞII þ Kð1ÞII Kð2ÞI ÞY12 þ ðKð1ÞII Kð2ÞIV þ Kð1ÞIV Kð2ÞII ÞY14 þ ðKð1ÞI Kð2ÞIV
þ Kð1ÞIV Kð2ÞI ÞY24: ð36ÞThe individual SIFs and EDIF for the actual state can be obtained by judiciously choosing the auxiliary state (state 2). For
example, if state 2 is chosen to be near tip displacement and stress ﬁeld corresponding to the fracture opening mode I, then
Kð2ÞI ¼ 1, Kð2ÞII ¼ 0, and Kð2ÞIV ¼ 0. Hence, Eq. (36) can be reduced toMð1;IÞ ¼ Kð1ÞI Y22 þ Kð1ÞII Y12 þ Kð1ÞIV Y24: ð37Þ
Similarly, if state 2 is chosen to be near tip displacement and stress ﬁeld corresponding to the fracture opening mode II, with
Kð2ÞI ¼ 0, Kð2ÞII ¼ 1, and Kð2ÞIV ¼ 0 and if state 2 is chosen to be near tip displacement and stress ﬁeld corresponding to the frac-
ture opening mode IV, with Kð2ÞI ¼ 0, Kð2ÞII ¼ 0, and Kð2ÞIV ¼ 1, then Eq. (36) reduces toMð1;IIÞ ¼ Kð1ÞI Y12 þ Kð1ÞII Y11 þ Kð1ÞIV Y14; ð38Þ
andMð1;IVÞ ¼ Kð1ÞI Y24 þ Kð1ÞII Y14 þ Kð1ÞIV Y44; ð39Þ
respectively.
Solving the simultaneous Eqs. (37)–(39), Kð1ÞI , K
ð1Þ
II , and K
ð1Þ
IV can be obtained. The interaction integrals M
(1,I), M(1,II) and
M(1,IV) can be evaluated from Eq. (28). Eqs. (37)–(39) have been successfully used for calculating the SIFs and EDIF in homog-
enous piezoelectric materials under various mixed-mode loading conditions (Enderlein et al., 2005; Kuna, 2006).
4.2. Functionally graded piezoelectric materials
For non-homogeneous piezoelectric materials, even though the equilibrium and compatibility conditions are satisﬁed, the
material gradient term of the second integrand of Eq. (21) does not vanish. So Eq. (21) reduces to a more general integral,
henceforth referred to as the electromechanical eJ-integral, which iseJ ¼ Z
A
rij
oui
ox1
þ Dj o/ox1  Hd1j
 
oq
oxj
dA
Z
A
1
2
eij
oCijkl
ox1
ekl  ekl oeiklox1 Ei 
1
2
Ei
ojim
ox1
Em
 
q dA: ð40ÞBy comparing Eq. (40) to the electromechanical J-integral (see Eq. (22)), the presence of material non-homogeneity results
in the addition of the second domain integral. Although this integral is negligible for a path very close to the crack tip, it must
be accounted for with relatively large integral domains, so that the electromechanical eJ-integral can be accurately calculated.
The electromechanical eJ-integral also represents the energy release rate of piezoelectric body. It is elementary to show
that the electromechanical eJ-integral becomes zero for any closed contour in an uncracked homogeneous piezoelectric, as
well as in non-homogeneous piezoelectric bodies, and therefore remains path independent when used in conjunction with
cracks in the FGPMs.
In order to derive the interaction integral for the FGPMs, consider again actual (state 1), auxiliary (state 2), and superim-
posed (state S) equilibrium states. For the actual state, Eq. (40) can be directly invoked to represent the electromechanical eJ-
integral. However, a more general form, such as Eq. (20), must be used for auxiliary and superimposed states. For example,
the electromechanical eJ-integral for the superimposed state S can be written aseJ ðSÞ ¼ Z
A
ðrð1Þij þ rð2Þij Þ
oðuð1Þi þ uð2Þi Þ
ox1
þ ðDð1Þj þ Dð2Þj Þ
oð/ð1Þ þ /ð2ÞÞ
ox1
 HðSÞd1j
 !
oq
oxj
dA
þ
Z
A
o
oxj
ðrð1Þij þ rð2Þij Þ
oðuð1Þi þ uð2Þi Þ
ox1
þ ðDð1Þj þ Dð2Þj Þ
oð/ð1Þ þ /ð2ÞÞ
ox1
 HðSÞd1j
 !
q dA: ð41ÞClearly, the evaluations of eJ ðSÞ and the resulting interaction integral depends on how the auxiliary ﬁeld is deﬁned. There
are several options in choosing the auxiliary ﬁeld. Three methods, studied in this paper, are described in the following.
4.2.1. Method I – constant constitutive tensor formulation
The method I involves selecting the auxiliary stress, electrical displacement, displacement ﬁelds and electric potential gi-
ven by Eqs. (11)–(14) and calculating the auxiliary strain and electric ﬁelds from the symmetric gradient of the auxiliary dis-
placement ﬁeld and the gradient of the auxiliary electric potential. In this approach, the auxiliary stress, and electrical
B.N. Rao, M. Kuna / International Journal of Solids and Structures 45 (2008) 5237–5257 5243displacement are related to the auxiliary strain, and electrical ﬁelds through a constant constitutive tensor comprising of the
elastic, piezoelectric and dielectric material constants, evaluated at the crack tip. Hence, both equilibrium
ðorð2Þij =oxj ¼ 0; oDð2Þi =oxi ¼ 0Þ and compatibility ðeð2Þij ¼ ðouð2Þi =oxj þ ouð2Þj =oxiÞ=2; Eð2Þi ¼ o/ð2Þ=oxiÞ conditions are satisﬁed in
the auxiliary state. However, the non-homogeneous constitutive relation of the FGPM is not strictly satisﬁed in the auxiliary
state, which would introduce gradients of stress ﬁelds as extra terms in the interaction integral.
Using Eq. (29) and invoking both equilibrium and compatibility conditions, Eq. (41) can be further simpliﬁed toeJ ðSÞ ¼
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ð42ÞBy expanding Eq. (42),eJ ðSÞ ¼ eJ ð1Þ þ eJ ð2Þ þ eM ð1;2Þ; ð43Þ
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dA; ð45Þare the electromechanical eJ-integrals for states 1 and 2, respectively, and
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is the modiﬁed interaction integral for non-homogeneous piezoelectric materials.
4.2.2. Method II – incompatibility formulation
The method II entails selecting the auxiliary stress, electrical displacement, displacement ﬁelds and electric potential
given by Eqs. (11)–(14) and calculating the auxiliary strain and electric ﬁelds using the same spatially varying elastic, pie-
zoelectric and dielectric material tensors of the FGPM. In this approach, the auxiliary stress and electrical displacement
ﬁelds satisﬁes equilibrium ðorð2Þij =oxj ¼ 0; oDð2Þi =oxi ¼ 0Þ; however, the auxiliary strain and electric ﬁelds are not compatible
with the auxiliary displacement ﬁelds and electric potential ðeð2Þij 6¼ ðouð2Þi =oxj þ ouð2Þj =oxiÞ=2; Eð2Þi 6¼ o/ð2Þ=oxiÞ. If the auxil-
iary ﬁelds are not compatible, extra terms that will arise due to lack of compatibility should be taken into account while
evaluating the interaction integral. Hence, this method also introduces additional terms to the resulting interaction
integral.
Following similar considerations, but using only equilibrium condition in the auxiliary state, Eq. (41) can also be simpli-
ﬁed toeJ ðSÞ ¼
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Comparing Eqs. (47) and (43)eJ ð1Þ ¼
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1CCAq dA; ð50Þis another modiﬁed interaction integral for non-homogeneous piezoelectric materials.
4.2.3. Method III – non-equilibrium formulation
This method entails the auxiliary displacement and electric potential given by Eqs. (13) and (14), and calculating the aux-
iliary strain and electric ﬁelds from the symmetric gradient of the auxiliary displacement ﬁeld and the gradient of the aux-
iliary electric potential. The auxiliary stress and electrical displacement ﬁelds are computed using the same spatially varying
elastic, piezoelectric and dielectric material tensors of the FGPM. In this approach, the auxiliary stress and electrical displace-
ment ﬁelds does not satisfy equilibrium ðorð2Þij =oxj 6¼ 0; oDð2Þi =oxi 6¼ 0Þ; however, the auxiliary strain and electric ﬁelds are
compatible with the auxiliary displacement ﬁeld and electric potential ðeð2Þij ¼ ðouð2Þi =oxj þ ouð2Þj =oxiÞ=2; Eð2Þi ¼ o/ð2Þ=oxiÞ. If
the auxiliary ﬁeld does not satisfy equilibrium, extra terms that will arise due to violation of equilibrium condition should
be taken into account while evaluating the interaction integral. Therefore, this method also introduces additional terms to
the resulting interaction integral.
Followingsimilar considerations, butusingonlyequilibriumcondition in theauxiliary state, Eq. (41) canalsobe simpliﬁed toeJ ðSÞ ¼ Z
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1CAq dA ð54Þis another modiﬁed interaction integral for non-homogeneous piezoelectric materials.
Note, that for homogeneous piezoelectric materials, regardless of how the auxiliary ﬁeld is deﬁned, the eJ ð1Þ;eJ ð2Þ; and eM ð1;2Þ
integrals in methods I–III degenerate to their corresponding homogeneous solutions, as expected.
4.2.4. Proof of existence of interaction integral for FGPMs
Eqs. (46), (50) and (54) contains the second integral involving extra terms due to material non-homogeneity. The exis-
tence of the second integral in Eqs. (46), (50) and (54), as the limit r? 0 is proved below. The material properties, such
as Cijks, esij, jis, must be continuous and differentiable functions, and thus can be written asCijksðr; hÞ ¼ Cijks þ rCð1ÞijksðhÞ þ
r2
2
Cð2ÞijksðhÞ þ Oðr3Þ þ    ; ð55Þ
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r2
2
eð2Þsij ðhÞ þ Oðr3Þ þ    ; ð56Þ
jisðr; hÞ ¼ jis þ rjð1Þis ðhÞ þ
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2
jð2Þis ðhÞ þ Oðr3Þ þ    ; ð57Þ
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
sij;jis are the local material data at the crack tip, x*, and C
ðnÞ
ijksðhÞ, eðnÞsij ðhÞ, and jðnÞis ðhÞ with n = 1, 2, . . . are angu-
lar functions. Hence, spatial derivatives of the material properties, Cijks, esij, hsij, jis, bis, cis, are bounded at the crack tip,
i.e., Cijks,1, esij,1, hsij,1, jis,1, bis,1 and cis,1 are O(ra) with aP 0. In the limit r? 0 the integrand of the second integral in Eq.
(46)lim
r!0
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qdA ð59Þnaturally vanish because the auxiliary ﬁelds are compatible very near the crack tip (asymptotically). Rest of the terms in the
integrand of the second integral of Eq. (50) in the limit r? 0 becomeslim
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OðraÞqdrdh½  ¼ 0: ð60ÞIn Eq. (54), the non-equilibrium terms in the integrand of the second integral, as the limit r? 0 becomeslim
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OðraÞqdrdh½  ¼ 0: ð61ÞIn the limit r? 0 rest of the terms in the second integral of Eq. (54) becomes as given in Eq. (60). Thus all the proposed inter-
action integrals for non-homogeneous piezoelectric materials in Eqs. (46), (50) and (54) are well posed as the limit r? 0
exists.
4.2.5. Numerical aspects in computation of interaction integrals
For numerical computation of the proposed interaction integrals in the crack coordinate system, ﬁrst all the state 1 quan-
tities corresponding to the actual state for the given boundary conditions are evaluated in the material coordinate system
and then transformed to the crack coordinate system. All the state 2 quantities corresponding to an auxiliary state are eval-
uated in the crack coordinate system using the transformed material property tensors Cijks, eiks and jis, from the material
coordinate system to the crack coordinate system. The derivatives of material property tensors Cijks, eiks and jis, can be ob-
tained by means of shape function derivatives.
4.2.6. Intensity factors evaluation
For linear piezoelectric solids, the electromechanical eJ-integral also represents the energy release rate and, hence for two-
dimensional caseeJ ¼ 1
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K2IIY

11 þ
1
2
K2I Y

22 þ
1
2
K2IVY

44 þ K IK IIY12 þ K IIK IVY14 þ K IK IVY24; ð62Þwhere YMN ¼ YMNðxÞ being the components of the (4  4) generalized Irwin matrix, Y is evaluated with the local material
data at the crack tip, x*. Regardless of how the auxiliary ﬁelds are deﬁned, Eq. (62) applied to states 1, 2, and S yieldseJ ð1Þ ¼ 1
2
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Y24: ð65ÞComparing Eq. (43) with Eq. (65)eM ð1;2Þ ¼ Kð1ÞII Kð2ÞII Y11 þ Kð1ÞI Kð2ÞI Y22 þ Kð1ÞIV Kð2ÞIV Y44 þ ðKð1ÞI Kð2ÞII þ Kð1ÞII Kð2ÞI ÞY12 þ ðKð1ÞII Kð2ÞIV þ Kð1ÞIV Kð2ÞII ÞY14 þ ðKð1ÞI Kð2ÞIV
þ Kð1ÞIV Kð2ÞI ÞY24: ð66ÞFollowing a similar procedure and judiciously choosing the intensity of the auxiliary state as described earlier, the SIFs and
EDIF for non-homogenous piezoelectric materials can be obtained by solving the following three simultaneous Eqs. (67)–(69)eM ð1;IÞ ¼ Kð1ÞI Y22 þ Kð1ÞII Y12 þ Kð1ÞIV Y24; ð67ÞeM ð1;IIÞ ¼ Kð1ÞI Y12 þ Kð1ÞII Y11 þ Kð1ÞIV Y14; ð68Þ
and eM ð1;IVÞ ¼ Kð1ÞI Y24 þ Kð1ÞII Y14 þ Kð1ÞIV Y44: ð69Þ
In Eqs. (67)–(69) eM ð1;IÞ, eM ð1;IIÞ and eM ð1;IVÞ are three modiﬁed interaction integrals for the three fracture opening modes I, II,
and IV, respectively, and can be evaluated using any of the Eqs. (46), (50) and (54). All the three methods are used in per-
forming numerical calculations, to be presented in a forthcoming section.
Note, Eqs. (67)–(69) are the result of a simple generalization of the interaction integral method for calculating the SIFs and
EDIF in linear homogenous piezoelectric materials. When there is no spatial variation in the material properties Cijks, esij, jis,eM ð1;2Þ ¼ Mð1;2Þ. Consequently, Eqs. (67)–(69) degenerate into Eqs. (37)–(39), as expected.
5. Numerical examples
In this study, accuracy of the predicted SIFs and EDIF using the interaction integrals based on three formulations is inves-
tigated by comparing with those obtained by using displacement extrapolation method (DEM). The SIFs and EDIF in piezo-
electric materials can be evaluated using DEM with the help of discontinuity of displacements and electric potential across
the crack faces as follows:ra
rb
Ka
Kb
K
x1ΔuaΔub
x2
ra
rb
Crack Tip 
b
a
Fig. 2. Displacement extrapolation method.
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8>><>>:
9>>=>>;: ð70ÞIn ﬁnite element (FE) calculations, the relative displacements and electric potential between two nodes on the crack surface
are used for determination of the SIFs and EDIF. Namely, from displacements and electric potential at a node i on the crack
surface located at a distance ri from the crack tip, intensity factors Ki are calculated usingK i ¼
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p
8ri
r
Y1
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Du3
D/
8>><>>:
9>>=>>;: ð71ÞAs shown in Fig. 2, intensity factors values at two points ‘a’ and ‘b’ near the crack tip are calculated by Eq. (71) and extrap-
olated so as to obtain the SIFs and EDIF, as follows:(a)  Geometry, and loads under far-
field normal load ∞σ  and far-field 
electrical displacement load D∞
(b)  Geometry, and loads under far-
field shear load ∞τ  and far-field 
electrical displacement load D∞
(c)  FEM discretization (2416 nodes, 736 8-noded quadrilateral elements, and 64 
focused quarter-point 6-noded triangular elements)
x1
x2
2a
2W
2W
σ∞, D∞
σ∞, D∞
a = 1 unit 
W = 10 units ≈ ∞
Polarization
x1
x2
2a
2W
2W
τ∞, D∞
τ∞, D∞
a = 1 unit 
W = 10 units ≈ ∞
Polarization
Fig. 3. Finite horizontal crack in an inﬁnite medium (example 1).
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b  rbKa
ra  rb ; ð72Þwhere ra and rb are respectively the distance of two points ‘a’ and ‘b’ from the crack tip. For non-homogeneous piezoelectric
materials generalized Irwin matrix, Y in Eq. (71) has to be evaluated with the local material data at the crack tip, x*.
In the two numerical examples presented below, the material properties are assumed to be one-dimensionally dependent
asðC11;C22;C12;C13;C44; e21; e22; e16;j11;j22ÞðxÞ ¼
ðC110;C220;C120;C130; C440; e210; e220; e160;j110;j220Þ expðgx1Þ
;W 6 x1 6W; ð73Þwhere g is a non-homogeneity parameter that controls the variation of material properties. In numerical examples ga = 0.5,
0.25, 0.125, 0, 0.125, 0.25, and 0.5 are considered, which corresponds to 0.000045401, 0.0067, 0.0821, 1, 12.185, 148.413,
and 22026.5 respectively as the ratio of the material properties at left edge to that at right edge of the domain, for the geo-
metric conﬁgurations adopted in numerical examples withW = 10 and a = 1. The following material constants are adopted in
the two numerical examples presented:C110 ¼ 12:6 1010 Pa C220 ¼ 11:7 1010 Pa C120 ¼ 5:3 1010 Pa
C130 ¼ 5:5 1010 Pa C440 ¼ 3:53 1010 Pa
e210 ¼ 6:5 109 N=ðGVmÞ e220 ¼ 23:3 109 N=ðGVmÞ e160 ¼ 17 109 N=ðGVmÞ
j110 ¼ 15:1 109 N=ðGVÞ2 j220 ¼ 13 109 N=ðGVÞ2
: ð74ÞFig. 4. Mesh reﬁnements around the crack tip for ﬁnite horizontal crack in an inﬁnite medium (example 1).
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(s1e330) is used to reﬂect the combination between the far-ﬁeld normal load r1 and the far-ﬁeld electrical displacement
load D1 or the combination between the far-ﬁeld shear load s1 and the far-ﬁeld electrical displacement load D1. The loading
combination parameter k = 0, corresponds to the case of far-ﬁeld electrical displacement load D1 = 0. An impermeable crack
in an inﬁnite medium is considered in all numerical examples presented. Obviously, a FE model cannot represent the inﬁnite
domain, but as long as the ratio a/W is kept relatively small (e.g., a/W 6 1/10), the inﬁnite medium approximation is
acceptable.
5.1. Example 1: ﬁnite horizontal crack in an inﬁnite medium
The geometric conﬁguration and the loads considered in this study are shown in Fig. 3(a) and (b). Two types of loading
combinations are studied: (1) type 1: the far-ﬁeld normal load r1 and the far-ﬁeld electrical displacement load D1; (2) type
2: the far-ﬁeld shear load s1 and the far-ﬁeld electrical displacement load D1. The poling direction is assumed to be oriented
perpendicular to the crack. FE model adopted for the evaluation of intensity factors using the interaction integrals based on
the proposed three formulations (in Eqs. (46), (50) and (54)) involves 2416 nodes, 736 eight-noded quadrilateral elements,
and 64 focused quarter-point six-noded triangular elements, as shown in Fig. 3(c). The SIFs and EDIF are also evaluated using
DEM.
For the evaluation of intensity factors using DEM ra and rb are taken to be equal to Le/4 and Le respectively, where Le is the
length of six-noded triangular quarter-point element edge containing 1/4-point node. Before comparing intensity factors ob-
tained using the proposed interaction integrals with the values obtained using DEM, convergence of the values obtained
using the later method, for different values of Le = 0.0333a, 0.025a, 0.02a, 0.01667a is veriﬁed by using four different mesh
reﬁnements around the crack tip with FE discretizations involving 2416 nodes, 2612 nodes, 2808 nodes, and 3004 nodes,
respectively over the entire domain. The magniﬁed view of mesh reﬁnements around the crack tip for these four FE discret-
izations are shown in Fig. 4(a)–(d). Fig. 5(a) and (b) show the convergence of the normalized mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the
normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, with respect to Le/a, under type 1 loading combination forFig. 5. Convergence with respect to Le/a under type 1 loading combination (example 1).
Fig. 6. Convergence with respect to Le/a under type 2 loading combination (example 1).
Table 1
Normalized mode-I stress intensity factor K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1 (example 1)
ga k = 5 k = 0 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 1.019055 1.019016 1.019010 1.021536 1.058626 1.058601 1.058594 1.061156 1.098198 1.098186 1.098178 1.100775
0.25 1.276499 1.276472 1.276467 1.279606 1.218011 1.217999 1.217993 1.220860 1.159523 1.159525 1.159519 1.162113
0.125 1.127687 1.127672 1.127669 1.130491 1.093417 1.093411 1.093409 1.095962 1.059146 1.059149 1.059148 1.061433
0 1.012148 1.012148 1.012148 1.014673 1.012222 1.012222 1.012222 1.014542 1.012297 1.012297 1.012297 1.014412
0.125 1.243388 1.243404 1.243407 1.246290 1.185416 1.185421 1.185426 1.188021 1.127444 1.127438 1.127445 1.129752
0.25 1.607416 1.607439 1.607446 1.610914 1.482584 1.482592 1.482599 1.485704 1.357753 1.357745 1.357752 1.360493
0.5 1.634073 1.634090 1.634104 1.637320 1.608359 1.608361 1.608376 1.611499 1.582646 1.582632 1.582647 1.585679
Table 2
Normalized electric displacement intensity factor K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1 (example 1)
ga k = 5 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.091165 0.091076 0.091166 0.089083 0.386365 0.386378 0.386390 0.386608
0.25 0.391283 0.391194 0.391287 0.387324 0.719800 0.719769 0.719813 0.718707
0.125 0.749049 0.748987 0.749053 0.743674 0.895752 0.895722 0.895757 0.893672
0 1.002041 1.002041 1.002041 0.995632 1.006458 1.006458 1.006458 1.003751
0.125 0.868655 0.868732 0.868653 0.862348 0.991505 0.991544 0.991501 0.989027
0.25 0.516549 0.516675 0.516545 0.511144 0.875067 0.875127 0.875065 0.873510
0.5 0.132172 0.132332 0.132161 0.128452 0.545319 0.545346 0.545325 0.545686
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Table 3
Normalized mode-II stress intensity factor K II=ðs1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld shear load s1 and far-ﬁeld electrical displacement load D1 (Example 1)
ga k = 5 k = 0 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.874329 0.874116 0.874245 0.868701 0.874252 0.874039 0.874291 0.866994 0.874176 0.873963 0.874336 0.865286
0.25 0.942128 0.941981 0.942193 0.931194 0.942112 0.941966 0.942187 0.930947 0.942097 0.941950 0.942182 0.930701
0.125 0.976353 0.976270 0.976389 0.982984 0.976349 0.976266 0.976388 0.978862 0.976345 0.976262 0.976387 0.974708
0 1.008864 1.008864 1.008864 0.998522 1.008866 1.008866 1.008866 0.998353 1.008867 1.008867 1.008867 0.998185
0.125 1.039821 1.039923 1.039784 1.028499 1.039820 1.039923 1.039782 1.028506 1.039820 1.039922 1.039780 1.028511
0.25 1.068013 1.068236 1.067946 1.055827 1.068026 1.068249 1.067955 1.055908 1.068039 1.068261 1.067965 1.055989
0.5 1.118331 1.118846 1.118174 1.105121 1.118350 1.118864 1.118194 1.105146 1.118368 1.118883 1.118213 1.105168
Table 4
Normalized electric displacement intensity factor K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld shear load s1 and far-ﬁeld electrical displacement load D1 (example 1)
ga k = 5 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.238827 0.238788 0.238839 0.237907 0.238704 0.238665 0.238716 0.237784
0.25 0.555570 0.555510 0.555579 0.553044 0.555513 0.555453 0.555522 0.552987
0.125 0.822419 0.822373 0.822423 0.818692 0.822382 0.822336 0.822387 0.818655
0 1.004262 1.004262 1.004262 0.999704 1.004237 1.004237 1.004237 0.999679
0.125 0.930092 0.930150 0.930089 0.925700 0.930068 0.930126 0.930065 0.925675
0.25 0.695819 0.695912 0.695816 0.692338 0.695797 0.695890 0.695794 0.692316
0.5 0.338735 0.338829 0.338733 0.337058 0.338756 0.338849 0.338753 0.337079
Fig. 7. Integral domain dependence under Type 1 loading combination and ga = 0.5 (Example 1).
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ﬃﬃﬃﬃﬃﬃ
pa
p Þ,
and the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip with respect to Le/a, under type 2 loading combination
for various values of k and ga = 0.5. It can be observed that convergence of intensity factors is achieved with Le = 0.02a.
Intensity factors obtained using the proposed interaction integrals are compared with those obtained using DEM (with FE
model involving 2808 nodes and Le = 0.02a), which is presented in tabular form to facilitate comparison of the computed SIFs
and EDIF by the three formulations to desired signiﬁcant digit accuracy. Tables 1 and 2, show respectively the normalized
mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, under type 1 loading com-
bination using methods I–III and DEM for various combinations of k and ga. A domain size of 1.6 units  1.6 units is taken
around the right crack tip to calculate the eM ð1;2Þ-integral. It can be observed that irrespective of the values of k and ga all the
three proposed interaction integrals predicted almost the same value of the same normalized intensity factors, which agrees
well with those obtained using DEM. However, method I (constant constitutive tensor formulation) requires the derivatives
of the actual stress and electrical displacement ﬁelds, which in turn requires second order derivatives of FE shape functions,
which needs additional effort and also this requirement may introduce accuracy problems with C0 elements. As, in the pres-
ent study eight-noded quadrilateral elements, and six-noded triangular elements are adopted, all the three proposed inter-
action integral methods resulted in almost the same value of the normalized intensity factors to the signiﬁcant digit accuracy
considered.
Similarly, Tables 3 and 4, show respectively the normalized mode-II SIF K II=ðs1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF
K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, under type 2 loading combination for various combinations of k and ga. Under
type 1 loading combination, it can be observed from Tables 1 and 2 that the loading combination parameter k has more inﬂu-
ence on the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ than on the normalized mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ. When the magnitude of the ap-
plied electrical displacement load increases, its inﬂuence on K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þwill decrease. This means that the mechanical load
has insigniﬁcant effect on K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under a strong electrical load. The current observations agree very well with those
reported by Chen et al., 2003) based on analytical study. However, under type 2 loading combination, it can be observed from
Tables 3 and 4 that the loading combination parameter k has negligible inﬂuence on both the normalized mode-II SIF
K II=ðs1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ.Fig. 8. Integral domain dependence under Type 2 loading combination and ga = 0.5 (Example 1).
B.N. Rao, M. Kuna / International Journal of Solids and Structures 45 (2008) 5237–5257 5253The domain independence of intensity factors by the three proposed interaction integral methods is veriﬁed by employ-
ing the following ﬁve different integral domain sizes taken around the crack tip to calculate the eM ð1;2Þ-integral: 0.4 units 
0.4 units, 0.8 units  0.8 units, 1.2 units  1.2 units, 1.6 units  1.6 units, and 2.0 units  2.0 units. Fig. 7(a) and (b) show
the domain dependence of intensity factors of the normalized mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF
K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, using methods I–III (M-I, M-II, M-III) with respect to various integral domain
sizes, under type 1 loading combination for various values of k and ga = 0.5. Similarly Fig. 8(a) and (b) show the domain
dependence of the normalized mode-II SIF K II=ðs1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack
tip, using methods I–III (M-I, M-II, M-III) with respect to various sizes of the integral domain, under type 2 loading combi-
nation for various values of k and ga = 0.5. It can be observed that all the three proposed interaction integrals predicted do-
main independent solution with larger integral domains.
The signiﬁcance of extra correction terms in the proposed interaction integrals for non-homogeneous piezoelectric mate-
rials (due to the non-homogeneous constitutive relation of the FGPM in constant constitutive tensor formulation; due to lack
of compatibility in incompatibility formulation; and due to violation of equilibrium condition in non-equilibrium formula-
tion), is studied using methods I–III with respect to different integral domain sizes, both under type 1 and 2 loading com-
binations for k = 5 and ga = 0.5. Fig. 9(a) and (b) show the normalized mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF
K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, using methods I–III without extra correction terms (M-I (NC), M-II (NC), M-
III (NC)) and with extra correction terms (M-I (WC), M-II (WC), M-III (WC)) with respect to various integral domain sizes.
Similarly Fig. 10(a) and (b) show the normalized mode-II SIF K II=ðs1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated
at the right crack tip, using methods I–III without extra correction terms (M-I (NC), M-II (NC), M-III (NC)) and with extra cor-
rection terms (M-I (WC), M-II (WC), M-III (WC)) with respect to various integral domain sizes. It can be observed that the
contribution of extra correction terms is more signiﬁcant for larger integral domains. This is due to the reason that, as
the integral domain size shrinks to the crack tip contribution of extra correction terms becomes less as in the limit r? 0,
extra correction terms? 0, which is proved in earlier section.Fig. 9. Signiﬁcance of extra correction terms under type 1 loading combination (example 1).
Fig. 10. Signiﬁcance of extra correction terms under under type 2 loading combination (example 1).
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The geometric conﬁguration with crack inclination angle a = 0.25p and the loads considered in this study are shown in
Fig. 11(a). Loading combination of the far-ﬁeld normal load r1 and the far-ﬁeld electrical displacement load D1 is studied.
The poling direction is assumed to be in x2 direction. Fig. 11(b) shows the FE model discretization involving 2416 nodes, 736
eight-noded quadrilateral elements, and 64 focused quarter-point six-noded triangular elements adopted for the evaluation
of intensity factors using the interaction integrals based on the proposed three formulations (in Eqs. (46), (50) and (54)). The
SIFs and EDIF are also computed using DEM with Le = 0.02a, using FE model discretization involving a total of 2808 nodes
over the entire domain.
Tables 5–7, show respectively the normalized mode-I SIF K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, the normalized mode-II SIF K II=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ, and the
normalized EDIF K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ evaluated at the right crack tip, using the proposed methods I–III and DEM for various com-
binations of the loading combination parameter k and the non-homogeneity parameter g. A domain size of 1.6 units  1.6
units is taken around the right crack tip to compute the eM ð1;2Þ-integral. It can be observed that irrespective of the values of k
and ga, all the three methods predicted almost the same value of the normalized intensity factors which matches well with
those obtained using DEM.
6. Summary and conclusions
The paper presents domain forms of the interaction integrals based on three independent formulations for computation
of the SIFs and EDIF for cracks in the FGPMs. Conservation integrals of J-type are derived based on the governing equations
for piezoelectric media and the crack tip asymptotic ﬁelds of homogeneous piezoelectric medium as auxiliary ﬁelds. Each of
the formulations differs in the way auxiliary ﬁelds are imposed in the evaluation of the interaction integral and each of them
results in a consistent form of the interaction integral in the sense that extra terms naturally appear in their derivation to
compensate for the difference in the chosen crack tip asymptotic ﬁelds of homogeneous and functionally graded piezoelec-
tric medium. The additional terms play an important role of ensuring domain independence of the presented interaction
integrals. Accuracy of the predicted intensity factors using the interaction integrals based on three formulations is investi-
(a)  Geometry and loads for inclined crack in an infinite medium under far-field 
normal load ∞σ  and far-field electrical displacement load D∞
(b)  FEM discretization (2416 nodes, 736 8-noded quadrilateral elements, and 64 
focused quarter-point 6-noded triangular elements)
x1
x2
2W
2W
2a α = 0.25 π
a = 1 unit 
W = 10 units ≈ ∞
σ∞, D∞
σ∞, D∞
Polarization
Fig. 11. Finite inclined crack in an inﬁnite medium (example 2).
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ble results of intensity factors are obtained regardless of the type of the auxiliary ﬁeld. The interaction integrals based on all
three independent formulations predicted almost the same value of the normalized intensity factors irrespective of the val-
ues of the loading combination parameter and the non-homogeneity parameter. However, the interaction integral based onTable 5
Normalized mode-I stress intensity factor K I=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1 (example 2)
ga k = 5 k = 0 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.841996 0.841994 0.841993 0.843780 0.850252 0.850255 0.850253 0.852030 0.841996 0.841994 0.841993 0.860281
0.25 0.829786 0.829793 0.829792 0.831565 0.770122 0.770132 0.770131 0.771724 0.710457 0.710471 0.710469 0.711882
0.125 0.624815 0.624820 0.624819 0.626190 0.596311 0.596318 0.596317 0.597555 0.567807 0.567816 0.567815 0.568919
0 0.506144 0.506144 0.506144 0.507273 0.506087 0.506087 0.506087 0.507139 0.506031 0.506031 0.506031 0.507004
0.125 0.721933 0.721925 0.721925 0.723461 0.666742 0.666733 0.666733 0.668097 0.611551 0.611540 0.611541 0.612733
0.25 1.093619 1.093597 1.093597 1.095835 0.972689 0.972667 0.972667 0.974626 0.851760 0.851737 0.851736 0.853416
0.5 1.374289 1.374242 1.374248 1.376936 1.320130 1.320082 1.320088 1.322656 1.265971 1.265921 1.265927 1.268375
Table 7
Normalized electric displacement intensity factor K IV=ðD1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1 (example 2)
ga k = 5 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.036435 0.036446 0.036460 0.035892 0.285948 0.285908 0.285923 0.285193
0.25 0.266658 0.266644 0.266659 0.265409 0.511087 0.511056 0.511078 0.509162
0.125 0.525881 0.525863 0.525874 0.523803 0.632715 0.632695 0.632710 0.630136
0 0.707182 0.707182 0.707182 0.704455 0.710371 0.710371 0.710371 0.707400
0.125 0.624432 0.624457 0.624442 0.621784 0.701463 0.701489 0.701471 0.698630
0.25 0.397042 0.397073 0.397051 0.394830 0.619102 0.619151 0.619123 0.616902
0.5 0.156959 0.156979 0.156943 0.154952 0.375867 0.375942 0.375922 0.375477
Table 6
Normalized mode-II stress intensity factor K II=ðr1
ﬃﬃﬃﬃﬃﬃ
pa
p Þ under far-ﬁeld normal load r1 and far-ﬁeld electrical displacement load D1 (example 2)
ga k = 5 k = 0 k = 5
Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM Method-I Method-II Method-III DEM
0.5 0.276975 0.276553 0.276606 0.273079 0.304114 0.303679 0.303737 0.299949 0.331253 0.330805 0.330869 0.326818
0.25 0.485569 0.485332 0.485384 0.479746 0.480176 0.479949 0.480001 0.474510 0.474784 0.474567 0.474618 0.469275
0.125 0.513980 0.513881 0.513909 0.508107 0.505991 0.505893 0.505922 0.500283 0.498002 0.497906 0.497934 0.492460
0 0.504262 0.504262 0.504262 0.498630 0.504306 0.504306 0.504306 0.498735 0.504351 0.504351 0.504351 0.498840
0.125 0.496485 0.496600 0.496571 0.490881 0.498528 0.498638 0.498607 0.492978 0.500570 0.500675 0.500644 0.495074
0.25 0.444048 0.444366 0.444306 0.438944 0.453071 0.453361 0.453301 0.447947 0.462094 0.462357 0.462296 0.456950
0.5 0.138923 0.139609 0.139546 0.137318 0.176334 0.177003 0.176931 0.174343 0.213745 0.214397 0.214316 0.211367
5256 B.N. Rao, M. Kuna / International Journal of Solids and Structures 45 (2008) 5237–5257constant constitutive tensor formulation requires the derivatives of the actual stress and electrical displacement ﬁelds,
which in turn requires second order derivatives of ﬁnite element shape functions. This requirement needs additional effort
and also may introduce accuracy problems with C0 elements. As, in the present study eight-noded quadrilateral elements
and six-noded triangular elements are adopted, all the three methods resulted in almost the same value of the normalized
intensity factors to the signiﬁcant digit accuracy considered.
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